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Abstract

Double-diffusive natural convection in a slender vertical porous enclosure is studied both analytically and numerically. The b
forces that induce the fluid motion result from the imposition of both a vertical temperature gradient and a horizontal solutal gradient. T
first part of the study contains an analytical solution valid for stratified flows in enclosures with relatively high aspect ratios. The se
of the study contains a numerical study of the full governing equations that validate the analytical model. Comparison between the
and analytical solutions covers the thermal Rayleigh number range−6 × 102 � RT � 104, the buoyancy range 0� N � 103 and the Lewis
number range 10−2 � Le � 102. In the absence of a horizontal solutal gradient(N = 0), the solution takes the form of standard Bén
bifurcation. The asymmetry resulting from the imposition of a small(N � 1) horizontal solutal gradient is investigated. The existenc
multiple solutions, for a given range of the governing parameters, is demonstrated.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

Recent interest in the study of flows with two sources
buoyancy through porous media has been motivated by
diverse engineering problems as electrochemical processe
contaminant transport in saturated soils, food process
geophysical systems, etc. The growing volume of pape
this field has been recently review by Nield and Bejan [1

Earlier studies on double-diffusive natural convection
porous media focused on the case of a horizontal la
subject to vertical temperature and concentration grad
ents. Thus, Nield [2], Tauton et al. [3], Rubin [4] an
Poulikakos [5] relied on linear stability theory to inves
gate the onset of convection for various thermal and so
boundary conditions. Finite amplitude flow, for this geom
rical configuration, was investigated by Rudraiah et al. [6
Brand and Steinberg [7], Murray and Chen [8], Trevisan
Bejan [9] and Chen and Chen [10]. Various flow regim
steady and unsteady, were identified by these authors. M
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recently Mamou and Vasseur [11] studied analytically a
numerically double diffusive convection in a horizontal ca
ity under different types of thermal and solutal bound
conditions. The existence of multiple solutions for a giv
set of the governing parameters, was demonstrated by
authors. Double diffusive convection, in a vertical cav
subject to horizontal temperature gradients, has also b
vestigated by Trevisan and Bejan [12,13], Alavyoon [1
Alavyoon et al. [15], Goyeau et al. [16], Mamou et al. [1
21] and Charrier Mojtabi et al. [22]. It was demonstra
that, depending on the governing parameters of the p
lem and on the thermal to solutal buoyancy ratioN , various
modes of convection prevail. In particular, in the case of
posing buoyancy forces(N < 0), it was observed that ther
exists an interval ofN , depending on the parametric value
in which permanent oscillating flows occur.

The above investigations are dealing with the case
porous layers subject to either horizontal or vertical gra
ents of heat and mass. In many applications, in indu
oceanography and geophysics, the porous layer is often
der the imposition of cross fluxes of heat and mass. Des
this fact, little attention has been dedicated to this type of
uation. Kalla et al. [23,24] investigated double diffusive co
vective within a shallow horizontal porous layer salted fr
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Nomenclature

Af aspect ratio of the cavity,= H ′/L′
C normalized mass fraction
CS dimensionless concentration gradient in

y-direction
CT dimensionless concentration gradient in

y-direction
D mass diffusivity of species . . . . . . . . . . . . m2·s−1

g gravitational acceleration . . . . . . . . . . . . . . m·s−2

H ′ height of enclosure . . . . . . . . . . . . . . . . . . . . . . . m
j ′ solute flux per unit area . . . . . . . . . . kg·m−2·s−1

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

K permeability of the porous medium. . . . . . . . m2

L′ width of the enclosure . . . . . . . . . . . . . . . . . . . . m
Le Lewis number,= α/D

N buoyancy ratio,= βS�S′/βT �T ′
q ′ constant heat flux per unit area. . . . . . . . W·m−2

RT thermal Rayleigh number,= gβT K�T ′L′/αν

RS solutal Rayleigh number,= RT N Le
S dimensionless concentration,= (S′ − S′

o)/�S′
�S dimensionless wall-to-wall concentration

difference
S′ concentration of the denser component kg·m−3

S′
o reference concentration atx ′ = 0,

y ′ = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

�S′ characteristic concentration,= j ′L′/D kg·m−3

Sh Sherwood number,= 1/�S, Eq. (31)
t dimensionless time,= t ′α/σL′2
T dimensionless temperature,= (T ′ − T ′

o)/�T ′
�T ∗ related to the intensity of heat transfer, Eq. (30)
T ′

o reference temperature atx ′ = 0, y ′ = 0
�T ′ characteristic temperature,= q ′L′/k

u dimensionless velocity inx-direction,= u′L′/α
v dimensionless velocity iny-direction,= v′L′/α
x dimensionless coordinate axis,= x ′/L′
y dimensionless coordinate axis,= y ′/L′

Greek symbols

α thermal diffusivity,= k/(ρC)f . . . . . . . m2·s−1

βS concentration expansion coefficient
βT thermal expansion coefficient . . . . . . . . . . . . K−1

ε normalized porosity of the porous medium,
= φ/σ

ν kinematic viscosity of fluid . . . . . . . . . . . m2·s−1

µ dynamic viscosity of the fluid. . . . . kg·m−1·s−1

θS dimensionlessh horizontal concentration profile
θT dimensionlessh horizontal temperature profile
ρ density of the fluid . . . . . . . . . . . . . . . . . . kg·m−3

(ρC)f heat capacity of fluid . . . . . . . . . . . . . J·m−3·K−1

(ρC)P heat capacity of saturated porous
medium . . . . . . . . . . . . . . . . . . . . . . . . . J·m−3·K−1

σ heat capacity ratio,= (ρC)P /(ρC)f
Ψ dimensionless stream function,= Ψ ′/α
Ψc stream function value at the center of

the enclosure
φ porosity of the porous medium

Superscript
′ dimensional variable

Subscripts

max maximum value
min minimum value
o reference state
ux.
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the bottom and heated horizontally by an uniform heat fl
The existence of multiple solutions was demonstrated to
ist both analytically and numerically. Also, in reference [2
the asymmetry brought by the side heating to the class
Bénard bifurcation was investigated. For supercritical c
vection the existence of three different solutions is possi
one of these solution being unstable. The case of a ca
heated and cooled isothermally along vertical walls wh
concentration gradient is imposed vertically has been c
sidered by Mohamad and Bennacer [25]. Numerical res
were obtained for the case of a cavity of aspect ratio two
was reported that the flow becomes unstable for finite ra
of solutal-to-thermal buoyancy ratio and it is possible to
tain different solutions in this region. Also, it was found th
strong stratified fluid might suppress the thermal convect
Numerical results were also obtained by these authors
on the basis of two- and three-dimensional models. It
found that the difference in the rate of heat and mass tran
predicted by the two models was not that significant.
r

The present paper focuses on the analysis of the fl
the heat and the mass transfers in a tall cavity. A vertical
temperature gradient is imposed vertically on the enclo
while uniform mass fluxes are applied along the vert
walls. The layout of the paper is as follows. In the n
section the physical system and the mathematical m
are introduced. The numerical procedure used to solve
full governing equations is then discussed. This is follow
by the derivation of an approximate analytical model, va
for tall cavities. Some results and discussions are prese
in the following section. Finally, some conclusions for t
present investigation are reported.

2. Problem statement

The physical model and coordinate system are sh
in Fig. 1. The geometry under consideration is a tw
dimensional vertical enclosure of heightH ′ and widthL′
filled with saturated porous medium. A vertical heat fluxq ′
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Fig. 1. Schematic of the problem with coordinate system.

is applied on the bottom and top walls. A solute concen
tion gradient,j ′, is applied on the two vertical impermeab
walls. The fluid is assumed to be incompressible, Newton
and viscous. The porous medium is considered to be uni
and in local thermal and compositional equilibrium with t
fluid. The effect due to viscous dissipation and inertial
fects are assumed to be negligible. The thermophysical
prieties of the fluid are assumed to be constant, except
sity variation in the buoyancy term, which depends linea
on both local temperature and concentration, i.e., Boussi
approximation is supposed to be valid,

ρ = ρo
[
1− βT

(
T ′ − T ′

o

) − βS

(
S′ − S′

o

)]
(1)

whereρo is the fluid density at temperatureT ′
o and concen-

trationS′
o, andβT andβS are the thermal and concentrati

expansion coefficients, respectively. The subscript o refe
conditions at the origin of the coordinate system.

The following dimensionless variables are used

(x, y) = (
x ′, y ′)/L′, (u, v) = (

u′, v′)L′/α
t = t ′α/L′2σ, T = (

T ′ − T ′
o

)
/�T ′

S = (
S′ − S′

o

)
/�S′, �T ′ = q ′L′/k

�S′ = j ′L′/D, ε = Φ/σ

(2)

where t ′ is the time, k and D the thermal conductivity
of the saturated porous medium and the mass aver
diffusivity through the fluid mixture, respectively,α =
k/(ρC)f the thermal diffusivity of the porous medium,σ =
(ρC)p/(ρC)f the saturated porous medium to fluid he
capacity ratio, andΦ the porosity of the porous matrix.

In the following analysis, the stream function formulati
is introduced in the mathematical model. In order to sat
-

d

the continuity equation, the stream functionΨ is defined
such thatu = ∂Ψ/∂y andv = −∂Ψ/∂x.

In terms of the above definitions, the dimensionl
governing equations expressing conservation of momen
energy and species are, respectively

∇2Ψ = −RT
∂

∂x
(T + NS) (3)

∇2T = u
∂T

∂x
+ v

∂T

∂y
+ ∂T

∂t
(4)

1

Le
∇2S = u

∂S

∂x
+ v

∂S

∂y
+ ε

∂S

∂t
(5)

The dimensionless boundaries, sketched in Fig. 1, are

x = ±1

2
, Ψ = 0,

∂T

∂x
= 0,

∂S

∂x
= 1 (6a)

y = ±Af

2
, Ψ = 0,

∂T

∂y
= −1,

∂S

∂y
= 0 (6b)

The dimensionless parameters that characterize the p
lem are the aspect ratio of the enclosureAf = H ′/L′, the
thermal Rayleigh numberRT = gβT K�T ′L′/αν, the solu-
tal to thermal buoyancy ratioN = βS�S′/βT �T ′, the Lewis
numberLe = α/D and the normalized porosityε.

In the above definitionsK is the permeability of the
porous medium,g the acceleration due to gravity andν the
kinematic viscosity of the fluid.

3. Analytical solution

For a slender cavity(Af � 1), it has been demonstrate
in the past by several authors (see, for instance, Alavyoo
al. [15] and Mamou et al. [18]) that the governing equatio
can be significantly simplified by the approximation of t
parallel flow. With this approximationu = 0 andv = v(x)

in the central part of the cavity, i.e., outside the end regio
The approximation allows the following simplifications

Ψ = Ψ (x) (7)

T = CT y + θT (x) (8)

S = CSy + θS(x) (9)

whereCT andCS are constants expressing the gradient
temperature and concentration along they-direction.

With these approximation the governing equations (
(5) reduce to the following expressions

d2Ψ

dx2
= −RT

(
dθT

dx
+ N

dθS

dx

)
(10)

d2θT

dx2 = −CT
dΨ

dx
(11)

d2θS

dx2 = −CS Le
dΨ

dx
(12)

Eqs. (11) and (12), under boundary conditions (6a), ca
rewritten as follows
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dθT

dx
= −CT Ψ (13)

dθS

dx
= −Le CSΨ + 1 (14)

Substituting the above equations into (10) the follow
governing equation is obtained

d2Ψ

dx2 = AΨ + B (15)

where

A = a2 = RT CT + RSCS

B = −RT N
(16)

andRS = RT N Le.
The set of ordinary differential equations (13)–(15) c

be easily solved to yield a closed form analytical soluti
Depending on the sign ofA two types of solutions ar
possible, as discussed, for instance, by Mamou et al. [
For the present problem we have:

3.1. Case A > 0

By settingA = a2 (a > 0), the solution of Eqs. (13)–(15
satisfying the boundary conditions in thex-direction, gives

Ψ (x) = B

a2

(
cosh(ax)

cosh(a/2)
− 1

)
(17)

T (x, y) = CT (y + D) (18)

S(x, y) = CS(y − Le D) + x (19)

where

D = − B

a2

[
sinh(ax)

a cosh(a/2)
− x

]

The temperature and concentration gradients iny-direc-
tion are determined by imposing zero heat and mass tra
across any transversal section of the cavity (see, for insta
Mamou et al. [17]). In this way, after some algebra, it
found thatCT andCS can be expressed as

CT = −1

1+ F
, CS = LeG

1+ Le2F
(20a)

where

F =
1/2∫

−1/2

Ψ 2 dx, G =
1/2∫

−1/2

Ψ dx (20b)

Substituting Eq. (17) into Eq. (20) and performing t
resulting integrals it is readily found that

F = B2

a5

[
a(cosh2(a/2) + 1/2) − 3 cosh(a/2)sinh(a/2)

cosh2(a/2)

]

(21)

and

G = − B

2

[
1− tanh(a/2)

]
(22)
a a/2
r
,

The above values ofCT andCS can be combined with
the value ofa2 = RT CT + RSCS to yield

a2(1+ F)
(
1+ Le2F

)
+ RT F

(
1+ Le2F

) − RS Le G(1+ F) = 0 (23)

The values ofCT and CS in the stream function an
temperature and concentration fields, Eqs. (17)–(19), ca
obtained by solving the above transcendental equation
any combination of the controlling parametersRT , N and
Le.

Substituting Eqs. (18) and (19) into Eqs. (8) and (9), i
found that the heat and mass transfers are given, respect
by

�T ∗ = a3

BCT [a − 2 tanh(a/2)] (24)

and

Sh = a3

BCS Le[2 tanh(a/2) − a] + a3 (25)

3.2. Case A < 0

The caseA = −b2 (b > 0), is now considered. Th
resulting equations can be deduced by substitutinga = ib in
the above solution. Since sinh(ib) = i sin(b) and cosh(ib) =
i cos(b) it follows that resulting solution is similar to tha
given by Eqs. (17)–(23) with the hyperbolic functio
replaced by circular function.For instance, the parameterb

can be computed from the following equation

b2(1+ F)
(
1+ Le2F

)
+ RT F

(
1+ Le2F

) − RS Le G(1+ F) = 0 (26)

In this caseF andG are given by:

F = B2

b5

[
b(cos2(b/2) + 1/2) − 3 cos(b/2)sin(b/2)

cos2(b/2)

]
(27)

and

G = − B

b2

[
1− tan(b/2)

b/2

]
(28)

4. Numerical solution

A finite-difference numerical solution technique bas
on integration over the control volume is used to solve
model equations with appropriate boundary conditions. Th
hybrid scheme suggested by Patankar [27] was utiliz
This scheme employs the upwind method only when
coefficient matrix becomes negative due to a large va
of the velocity in the convection term. All other points a
approximated by central differences. The application of
method to the solution of natural convection problems ha
been discussed in details in the past and does not need
repeated here.
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In order to improve the resolution of dependent variab
a non-uniform grid was used. The non-uniform grid h
denser clustering near the wall boundaries. Grid indep
dency of the results was established by employing dif
ent size meshes, ranging in size from 40× 120 to 60× 180.
The results indicated a maximum relative difference of ab
1.5% in the value of the maximum stream functionΨmax.
Additionally, the relative difference between both grids
the vertical velocity profile, at the center of the cavity, is le
than 1.2%. Thus a 60× 180 grid was used for all the resul
reported here.

To ensure convergence of the numerical algorithm
following criteria is applied to all dependent variables o
the solution domain

∑
i

∑
j

|φn+1
i,j − φn

i,j |∑
i

∑
j |φn+1

i,j | � 10−9 (29)

whereφ represent a dependent variable, the indexesi, j

indicated a grid point and the indexn the current iteration.
Typical numerical results are presented in Fig. 2

RT = 400, Le = 2, N = 0.1 and Af = 8. On the graph
streamlines, isotherms and isoconcentrates are presented
Fig. 2(a) from left to right. From theses results, it is clear t
for a tall cavity (Af � 1) the flow in the core region of th
enclosure is essentially parallel while the temperature
concentration are linearly stratified in the vertical directi
The analytical solution, developed in this study relies
these observations. Fig. 2(b) shows the streamfunc
temperature and concentration distributions in the horizo
mid-plane(y = 0). The agreement with the numerical a
the analytical results is observed to be excellent. Nume
tests have been performed to determine the minimum as
ratio above which the flow can be assumed to be paralle
the range of the parameters considered here it was found
the numerical results can be considered independent o
aspect ratio whenAf � 6. For this reason most of the resu
presented in this investigation were obtained forAf = 8.

In the present notation, the heat and the mass tran
within the cavity are given respectively by the flowin
expressions

�T ∗ = q ′

k�T ′/L′ = 1

�T
(30)

and

Sh = j ′

D�S′/L′ = 1

�S
(31)

where

�T ′ = T ′(0,1/2) − T ′(0,−1/2) and

�S′ = S′(0,1/2) − S′(0,−1/2)

are the temperature and concentration differences betwee
the right and left walls of the enclosure at the positiony = 0.

It is noted that the present analytical solution is not va
in the vicinity of the thermally active boundaries. Thus
t

t

(a)

(b)

(c)

Fig. 2. Numerical results forRT = 400, Le = 2, N = 0.1 andAf = 8;
(a) Contour lines of streamfunction, temperature and concentration; (b) di
tribution of streamfunction, (c) temperature and concentration in the h
zontal mid-plane,Ψc = 8.714,�T ∗ = 7.094,Sh = 5.537.

is not possible to predict analytically the Nusselt numbe
terms of the temperature differences between the horizo
walls. For this reason, the temperature difference�T ∗,
between the vertical walls, is used here as an indicatio
the intensity of the heat transfer within the enclosure.
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5. Results and discusion

In the present section a comparison is made betwee
analytical model based on the parallel flow approximat
and the numerical solution of the full governing equatio
described early. As discussed above, the present pro
is governed by five dimensionless parameters, namelyRT ,
Le, N , Af andε. In the following discussion, it is assume
that the normalized porosity of the porous medium isε = 1.
Also, the analytical results predicted by the present mo
are more accurate at large value ofAf (Af � 1).

5.1. Convection induced solely by vertical gradients of heat
(N � 1)

The case of convection in a vertical layer heated fr
the bottom by a constant heat flux corresponds to the l
N � 1. For this situation, it can be deduced from t
equations corresponding to the caseA < 0 that

Ψ n = PnRT

n2π2 cos(nπx) (32a)

T n = −n2π2

RT

y + PnRT

nπ
sin(nπx) (32b)

�T ∗ = 2nπ

pnRT

(−1)n (32c)

where

Pn = ±nπ

RT

√
2
(
RT − n2π2

)
(32d)

andn = 1,3,5, . . . corresponds to the number of cells. On
the first moden = 1 is unicellular. The above equations a
similar to those reported by Sen et al. [28] while study
the occurrence of multiple solutions in an inclined tall cav
heated from below by a constant heat flux.

Fig. 3(a) shows the bifurcation diagram forΨC as a
function of thermal Rayleigh numberRT . The particular
case considered here corresponds to a classical Rayl
Bénard situation for which a conductive state (T = −y,
Ψ = 0) exists, up to a critical Rayleigh numberRT C above
which convection occurs. From Eq. (32d) it is seen t
convection is possible forRT C > n2π2, such that the lowes
RT C at which convective motion occurs is given by t
unicellular flow for whichRT C = π2. A similar result has
been predicted in the past by Sen et al. [28] on the bas
the linear stability analysis.

The prediction of the onset of convection is correc
predicted by the parallel flow approximation due to f
that the onset of motion, within a vertical layer heated fr
below by a constant heat flow, occurs at zero wave num
From Fig. 3(a) it is observed that, above the supercrit
Rayleigh numberRT C = π2, the resulting unicellular flow
can rotate indifferently clockwise or counterclockwise
agreement with the plus or minus sign in front of Eq. (32
The analytical solution, represented by a solid line, is see
be in excellent agreement with the numerical solution of
–

(a)

(b)

Fig. 3. Bifurcation diagram forN � 1: (a) Ψc versusRT ; and (b)�T ∗
versusRT .

full governing equations, depicted by black dots. The ef
of RT on �T ∗ is presented in Fig. 3(b). Here again, a go
agreement between the analytical and numerical results,
observed.

According to the analytical model depicted above mu
cellular convection, consisting inn cells in thex-direction,
is possible (in Fig. 3, only the multicellular moden = 3 is
represented). However, it has not been possible to con
numerically, the existence of these modes. It is then belie
that these modes are unstable.

5.2. Convection induced solely by horizontal gradients of
solute (N � 1)

The case of convection resulting only from the imposit
of constant fluxes of concentration,j ′, on the vertical walls
of the cavity, can be deduced from the present theory.
situation corresponds to the limitN � 1, for which it can be
demonstrated from Eqs. (17)–(23) that

�Ψ = RS

a2

(
1− cosh(ax)

cosh(a/2)

)
(33a)

S(x, y) = CS(y + D) + x (33b)
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l

and

Sh = a3

RSCS[2 tanh(a/2) − a] + a3
(33c)

where

a2 = RSCS

D = −Rs

a2

[
sinh(ax)

a cosh(a/2)
− x

]
(33d)

�Ψ = Ψ/Le

Furthermore, in the boundary layer regime, for wh
RS � 1, it is readily found from Eqs. (33) that

�Ψc ≈ √
a (34a)

Sh ≈ a/2 (34b)

wherea = R
2/5
S .

Fig. 4(a) and (b) show, the evolution ofΨC andSh with
the solutal Rayleigh numberRS = RT N Le. The variable
�Ψ = LeΨ , correspond to a streamfunction normalized w
respect with the mass diffusivity of speciesD. With this
renormalization, the evolution of�ΨC versusRS can be rep-
resented by a single curve, independently ofLe. Due to the

(a)

(b)

Fig. 4. Effect of solutal Rayleigh numberRS for RT � 1 on (a)Ψ
C

; and
(b) Sh.
solutal boundary conditions considered here, the resu
unicellular convective cell rotates in a anticlockwise dir
tion (�ΨC > 0). The boundary layer regime, valid approx
mately forRS � 103, is also described as a dashed line
the graph. Here again it is observed that the analytical s
tion, based on the parallel flow hypothesis, agrees well w
the numerical results.

5.3. Convection induced by cross gradients of heat and
solute

In this section natural convection is considered for inter
mediate values ofN for which the flows result from the im
position of cross temperature and concentration gradien

Fig. 5(a)–(c) illustrate the effect of the imposition on t
vertical walls of a small horizontal solutal gradient (N =
0.01, 0.5 and 1) on the magnitude of the stream func
ΨC and the heat and mass transfers,�T ∗ and Sh, at the
center of the cavity as a function ofRT for Le = 10. As
discussed in Fig. 3(a), in the absence of solutal buoya
forces (N = 0), the resulting flow pattern is induced sole
by the vertical thermal gradient imposed on the horizo
wall. For this situation, convection is possible only when
Rayleigh number is above a critical valueRT C > π2 and the
resulting unicellular flow can rotate indifferently clockwi
or counterclockwise. The imposition of a horizontal solu
gradient (N 	= 0) changes considerably this situation. Th
it is observed from Fig. 5(a) that convection is now poss
for any value of the thermal Rayleigh number. The result
flow circulation is counterclockwise(Ψc > 0) in agreemen
the solutal boundary conditions ofFig. 1. These flows, which
numerically can develop from the rest state(Ψ = 0) as initial
conditions, are referred as “natural flows”. However, a
can be observed from Fig. 5(a), the clockwise circulat
existing for N = 0 is also possible ifN is sufficiently
small and RT is above a critical value which depen
upon the values ofN and Le. The flows, which rotate in
direction opposite to the buoyancy forces imposed by
horizontal solutal gradient, are called “antinatural”. Thes
type of flows have been discussed in details in reference
These two different solutions are illustrated in Fig. 6 wh
show the contour lines of streamfunction, temperature
concentration for the natural(Fig. 6(a)) and antinatura
(Fig. 6(b)) stable flows that coexist forRT = 100,N = 0.01,
Le = 10 andAf = 8. Numerically, the antinatural flow
can be reached only by imposing an impulsing flow patt
rotating in the appropriate direction as an initial condition
Once an antinatural state could have been obtained,
given value ofRT , it can be used as initial conditions
run another antinatural state for a newRT . It is noticed
that for a given value ofN there is a critical value ofRT

for the existence of antinatural states. The value ofRT c ,
predicted by the analytical model, is presented in Fig. 5(d
a function ofN . Thus, for instance, forN = 0.5 andLe = 10
antinatural flows are possible only in the range of 13�
RT � 360. In Fig. 5, the analytical solution for antinatura
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(a) (b)

(c) (d)

Fig. 5. Effect of thermal Rayleigh numberRT and buoyancy ratioN for Le = 10 on (a)ΨC ; (b) �T ∗; (c) Sh; and (d) Critical Rayleigh numberRT C as a
function ofN for the existence of antinatural flows.
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flows is represented by a solid line, corresponds to
unicellular flow pattern, while the dashed line correspo
to a three cellular flows pattern. Numerical confirmation
the one cell antinatural mode has been obtained for
small values ofN . However, it has not been possible
simulate numerically the three cells mode predicted by
analytical model, which is thus believed to be unsta
Whenever a numerical solution could have been obtain
is observed from Fig. 5(a)–(c) that this latter is in gene
in very good agreement with the analytical model resulting
from the parallel flow approximation.

Fig. 7 shows the effect ofRT on the magnitude ofΨC

for Le = 10,RS = 10 and−600� RT � 600. In this graph
the caseRT = 0 corresponds to convection induced by
destabilizing horizontal solutal gradient in the absence
thermal effects. ForRT � 0 both the thermal and the solut
effects contribute to promote the intensity of convection s
that ΨC increases withRT . However, the case ofRT � 0
corresponds to a cavity heated from the top and cooled f
the below. The resulting thermal vertical gradient is n
stabilizing the system such thatΨC → 0 as the value ofRT is
increased. An exellent agreement between the analytical o
the numerical model is observed in Fig. 7 even for the v
low values ofΨC obtained for the negative values ofRT .

Fig. 8(a) illustrates the effect of the buoyancy rationN

on ΨC for Le = 10 and various values ofRT . As discussed
earlier, forN = 0, the flow circulation induced solely by th
vertical thermal gradient rotates indifferently clockwise o
counterclockwise. Thus, for sufficiently low values ofN ,
it is observed Fig. 8(a) that for a given value ofRT the
strength of the anticlockwise natural flow(ΨC > 0) is
approximately the same as that of the clockwise nat
flow (ΨC < 0). Naturally, the natural flow exists for an
value of the buoyancy ratioN . As the value ofN is made
larger the flow pattern is progressively more and more dr
by the solutal gradients. Thus, the value ofΨC increases
with N , i.e., with RS = RT N Le, to reach the boundar
layer regime depicted by the dashed lines in the gra
Numerical confirmation of the natural flow circulation
obtained for the range of parameters considered here. O
other hand, it is observed from Fig. 7(a) that, as expec
the antinatural flow circulation is possible only if the val



A. Bahloul et al. / International Journal of Thermal Sciences 43 (2004) 653–663 661

or
al

l,

a).
the
l
n
ow

ncy

are
(a)

(b)

Fig. 6. Contour lines of streamfunction,temperature and concentration f
Le = 10,N = 0.01 andRT = 100: (a) antinatural solution; and (b) natur
solution.

of N is below a critical valueNc which depends uponRT .
Thus Nc = 1.11 for RT = 50 andNc = 0.43 for RT =
500. The value ofNc, predicted by the analytical mode
is presented in Fig. 8(b) as a function ofRT . Numerical
confirmation of the antinatural flow is depicted in Fig. 8(
It was found impossible to obtain numerical results in
vicinity of the turning pointNc . In fact, the numerica
results obtained for values ofN above those indicated o
the graph were found to bifurcate towards the natural fl
solution.

The effect of the Lewis numberLe on the magnitude
of the stream function at the center of the cavityΨC

is presented in Fig. 9(a) as a function of the buoya
Fig. 7. Effect of thermal Rayleigh numberRT (case of a layer heated from
the top and bottom) forLe = 10 andRS = 10 onΨC .

(a)

(b)

Fig. 8. (a) Flow intensityΨC as a function of buoyancy ratioN and thermal
Rayleigh numberRT for Le = 10 and (b) critical buoyancy ratioNC as a
function ofRT for the existence of antinatural flows.

ratio N . WhenN is sufficiently small the flow circulation
is driven mostly by the thermal effect and the results
independent of the Lewis effect. For large values ofN the
flow is then driven by the solutal buoyancy forces andΨC
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Fig. 9. (a) Flow intensityΨC as a function of buoyancy ratioN and Lewis
numberLe for RT = 50 and (b) critical buoyancy ratioNC as a function of
Le for the existence of antinatural flows.

is observed to depend strongly upon the value ofLe. This
is due to the fact thatΨC is normalized with respect t
the thermal diffusivityα. However, as discussed in Fig.
upon normalizingΨC with respect to the mass diffusivityD
(i.e., �ΨC ), the results would be independent ofLe. It is
also observed from Fig. 9(a) thatNc, the maximum value
of N for the existence of antinatural flows, depends u
the value ofLe. This is illustrated in Fig. 9(b) which show
the variation ofNc with Le as predicted by the analytic
model forRT = 50. It is seen thatNC → 0.38 asLe → 0
while NC → 1.1 as Le → ∞. The transition betwee
these two asymptotic values occurs in the range 0.1 �
Le � 10.

6. Summary

A study is conducted to investigate the patterns and c
acteristics associated with the double diffusion convectio
a tall vertical cavity heated from the below and salted fr
the sides. The effects of the controlling parameters, inc
ing the thermal Rayleigh number, Lewis number and bu
ancy ratio on the present problem is investigated. The m
results can be summarized as follows:

(i) The numerical solution of the full governing equatio
indicate that forAf � 1 the flow is parallel in the cen
tral part of the enclosure while the vertical temperat
and concentration fieldsare linearly stratified.

(ii) An analytical solution of the steady state equatio
based on the parallel flow approximation, leads
relatively simple solutions. Closed form expressio
are obtained in the two extreme cases of heat tran
(N = 0) and mass transfer(N → ∞) driven flows.

(iii) The existence of multiple solutions, for a given s
of the governing parameters has been demonstr
both analytically and numerically for the case of sm
values of the buoyancy ratioN . Thus depending upo
the initial conditions used to start the numerical co
“natural flows” and “antinatural flows” can be observ
in the system.
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